Abstract. The aim of this paper is to provide nonassociative commutative loops which are semidirect products of subgroups.
Introduction
It is well known that a direct product of groups is a group. Furthermore one may informally view a loop as a "nonassociative group". Since semidirect products share many properties with direct products one can naturally ask, "if a loop is a semidirect product of subgroups must it necessarily be a group?" The answer to this question is provided by one of the main results of [5, Theorem 1 ] in which Chein provides a construction of a nonassociative Moufang loop which is a semidirect product of a nonabelian subgroup by a subgroup of order two. Thus the notion of semidirect product is not strong enough to force a loop to be a group even when the factors of the product are groups. However the fact that a commutative group which is a semidirect product of subgroups must be a direct product of these subgroups motivates a more intriguing question: if a commutative loop is a semidirect product of subgroups must it necessarily be a group?
In this paper we produce construction methods, different from Chein's method, which yield nonassociative commutative loops which are semidirect products of subgroups and which have a unique factorization property. In fact, in our constructions if the loop is Moufang then it must be a group.
Definitions and notation. Recall that a groupoid is a nonempty set with a binary operation; a quasigroup is a groupoid, (Q, is a homomorphism from (L, *) onto (S, *) with G = ker/?. Hence G is a normal subgroup of (L, *). Therefore (L, *) is a semidirect product of (G, *)
by (S,*).
(v) Each element of L may be uniquely expressed in the form g * s, where g £ G and s £S.
(vi) In Construction 1, (L, *) completely assimilates the field operations in that (S, *) and (G, *) are isomorphic to (F*, •) and (F, +), respectively.
For a more concrete realization of (W, *) observe that (W, *) is isomorphic to (T, ©), where T is the set of two-by-two upper triangular matrices over F and © is the "Jordan Product" defined by A&B = 2~X[A-B + B-A], with -l-and • denoting the usual matrix operations [1] .
